We study anomalous gauge-boson couplings induced by a locally SU(2) × U(1) invariant effective Lagrangian containing ten operators of dimension six built from the boson fields of the Standard Model (SM) before spontaneous symmetry breaking (SSB). After SSB some operators lead to new three-and four-gauge-boson interactions, some contribute to the diagonal and off-diagonal kinetic terms of the gauge bosons and to the mass terms of the W and Z bosons. This requires a renormalisation of the gauge-boson fields, which, in turn, modifies the charged-and neutral-current interactions, although none of the additional operators contain fermion fields. Bounds on the anomalous couplings from electroweak precision measurements at LEP and SLD are correlated with the Higgs-boson mass m H . Rather moderate values of anomalous couplings allow m H up to 500 GeV. At a future linear collider the triple-gauge-boson couplings γW W and ZW W can be measured in the reaction e + e − → W W . We compare three approaches to anomalous gauge-boson couplings: the form-factor approach, the addition of anomalous coupling terms to the SM Lagrangian after and, as outlined above, before SSB. The translation of the bounds on the couplings from one approach to another is not straightforward. We show that it can be done for the process e + e − → W W by defining new effective ZW W couplings.
Introduction
The Standard Model (SM) of particle physics has been tested in numerous aspects with impressive success. However, it lacks the attributes of a truly fundamental theory since it does not predict the number of particles or families and contains a large number of free parameters. Moreover, it does not incorporate gravity so that ultimately a different theory has to replace the SM. One possibility is that physics beyond the SM will appear at an energy scale Λ. From current electroweak precision fits one estimates (see for instance [1] ) that Λ should be at least of the order of TeV but, in fact, could be even much higher. The impact of this new high-scale physics on the phenomenology at lower energies can be taken into account in various ways.
In the form-factor (FF) approach the relevant vertices are parameterised in a general way. For the reaction e + e − → W W this was done in [2, 3] for the threegauge-boson vertices γW W and ZW W . There the structure of these two vertices is only restricted by Lorentz invariance. Form factors can and should have imaginary parts. Anomalous contributions to the γW W -and ZW W -form factors have been studied extensively both for LEP2 energies (see [4] and references therein) and for the energy range of future linear colliders [5] [6] [7] [8] [9] [10] [11] .
Another possibility is to use an effective Lagrangian. Here we have two options. We can start from the SM Lagrangian after spontaneous symmetry breaking (SSB) and add terms of higher dimension to obtain an effective Lagrangian, which we call ELa approach (Effective Lagrangian after SSB). Alternatively we can start from the SM Lagrangian before SSB and add terms of higher dimension there, called ELb approach (Effective Lagrangian before SSB). In both cases the anomalous coupling constants in the effective Lagrangian must be real. Anomalous imaginary parts in form factors are generated by loop effects using the effective-Lagrangian techniques familiar from chiral perturbation theory, see for instance [12] . The three approaches FF, ELa and ELb are related but should not be confused with each other, see the discussion in [13] . The ELa approach, taking the anomalous terms in leading order, produces only real parts of anomalous form factors. In the ELb approach the SSB has to be performed for the SM and the anomalous parts of the Lagrangian together. This has drastic consequences for all parts of the Lagrangian as we shall analyse in detail in this paper for various electroweak precision observables measured at LEP and SLD as well as for the reaction e + e − → W W at a future linear e + e − collider (LC). It also has the consequence that the counting of dimensions of anomalous terms is changed when Higgs fields are replaced by their vacuum expectation values, see [13] where also the question of SU(2) × U(1) gauge invariance is discussed. Anomalous couplings from operators of dimension n in the ELb approach will generate operators of dimension n ′ ≤ n in the ELa approach. Some advantages and disadvantages of the three approaches are as follows. The FF approach is the most general one but it has the disadvantage of introducing many parameters. Also, the anomalous parts of form factors for different reactions like e + e − → W W and γγ → W W are a priori not related. The ELa and ELb approaches allow to relate anomalous effects in different reactions. Suppose now that we restrict the anomalous coupling terms to dimension n ′ ≤ 6 and n ≤ 6 in the ELa and ELb approaches, respectively. Then the ELa approach generates more couplings than the ELb approach. Thus, in a sense, the ELb approach is the most restrictive framework if the dimension of the coupling terms is limited. For an application of the FF approach to the reaction e + e − → τ + τ − see for instance [14] , for an application of the ELa approach to Z decays see [15] . In the present paper we study mainly the ELb approach to anomalous electroweak gauge-boson couplings. We add to the SM Lagrangian-before SSB-operators of higher dimension that consist of SM fields. The natural expansion parameter for this series is (v/Λ), where v ≈ 246 GeV is the vacuum expectation value of the SM-Higgs-boson field. Such an approach has been proposed in [16] , where all operators up to dimension six are constructed that respect the SM gauge symmetry SU(3) × SU(2) × U (1) . A particularly interesting part of this Lagrangian is its gauge-boson sector because, in the SM, the structure of the gauge-boson vertices is highly restricted. In the SM there exist triple-as well as quartic-gauge-boson couplings all of which are fixed by the coupling constants of SU(2) and U(1), see for instance [17] . At tree level the triple couplings γW W , ZW W and only the quartic couplings W W W W , γγW W , γZW W and ZZW W occur. Furthermore, in the SM the interactions of gauge bosons with the Higgs boson are determined by the covariant derivative acting on the Higgs field.
Here we consider the leading order operators of dimension higher than four, that is of dimension six (cf. [16] ), that are built from electroweak gauge fields and may also contain the SM Higgs field. There are ten such operators, four of them CP violating. This leads to ten new coupling constants h i , subsequently called anomalous couplings, which parameterise deviations from the SM. It is assumed that the new-physics scale Λ is large enough such that operators of dimension six already give a good description of the high-scale effects. To keep the number of anomalous couplings within reasonable limits we exclude all non-SM operators that a priori involve fermions. Nevertheless, the purely bosonic anomalous couplings change the gauge-boson-fermion interactions in the following way: After SSB the pure boson operators contribute to the diagonal as well as off-diagonal kinetic terms of the gauge bosons and to the mass terms of the W and Z bosons. Firstly, this requires a renormalisation of the W -boson field. Secondly, the kinetic and the mass matrices of the neutral gauge bosons have to be diagonalised simultaneously to obtain the physical photon and Z-boson fields as linear combinations of the photon and Z-boson fields of the effective Lagrangian. This in turn modifies the neutral-and charged-current interactions. Since all fermion families are affected in the same manner no flavour changing neutral currents are induced.
Thus in the ELb approach purely bosonic anomalous couplings influence also the precision observables from Z decay. In this paper we exploit this to calculate bounds on two CP conserving anomalous couplings from measurements at LEP1 and SLD and from W -boson measurements. To this end precision observables that are sensitive to the modified gauge-boson-fermion interactions or to the mass of the W boson are used. Less stringent bounds are obtained from direct measurements of the threegauge-boson vertices γW W and ZW W in various processes at LEP2. However, one more CP conserving coupling and two CP violating couplings can be constrained using this data.
One important purpose of future high-energy experiments is the precision check of the relations between the various gauge-boson couplings. Their SM values guarantee the renormalisability of the electroweak theory. Thus any observed deviations from these SM values would have drastic consequences for the structure of the theory. Gauge-boson couplings can be studied at the LHC [18] and with high precision at a future LC like TESLA [19, 20] or CLIC [22] . There the reaction e + e − → W W is suitable to measure triple-gauge-boson couplings (TGCs). In previous work [5, 6, 10, 11] on e + e − → W W by our group we followed the form-factor (FF) approach using the parameterisation of the γW W and ZW W vertices of [3] . The maximum achievable sensitivity to the anomalous couplings in this process at c.m. energies of 500 GeV, 800 GeV and 3 TeV was determined by means of optimal observables [5, 6, 23] for the case of no or longitudinal beam polarisation in [10] , and for transverse beam polarisation in [11] . In the present paper we use, as explained above, the effective Lagrangian approach ELb. We give a detailed comparison of the FF and the ELb approaches for e + e − → W W in the following. In our ELb approach not only the γW W and ZW W vertices but also the gauge-boson-fermion vertices and the W and Z propagators get anomalous contributions. We show that nevertheless the results computed in the FF approach can be transformed into bounds on the anomalous couplings used here with ELb. This is achieved be defining new effective γW W and ZW W couplings that are specific for the reaction e + e − → W W . Due to gauge invariance the TGCs [3] ∆g γ 1 , ∆κ γ , etc. that refer to the ELb approach and are most commonly used in the literature are related by well-known gauge relations. These relations remain unchanged when we use the effective couplings, which are related to the FF approach.
In this paper we also mention some properties of the γγW W and γγH vertices that do not occur in the observables that we consider here but play an important rôle in the reaction γγ → W W at a collider with two high-energy photons in the initial state. Such a photon collider has been proposed as an option for TESLA [24] and for CLIC [25] . The process γγ → W W will be studied in a forthcoming work [26] . Clearly, for a comparison of the reactions e + e − → W W and γγ → W W the ELb framework is the most suitable one. This is another motivation for treating e + e − → W W in the ELb approach in the present paper, since our results here are required for the discussion of γγ → W W in [26] .
This work is organised as follows: In Sect. 2 we give an overview of the operators in our effective Lagrangian (ELb approach) and explain which operators contribute to the kinetic and mass terms of gauge bosons and to the three-and four-gauge-boson couplings. In Sect. 3 we perform the simultaneous diagonalisation of the gauge-boson kinetic and mass terms. We then consider the interactions of gauge bosons with fermions in Sect. 4 and define two different sets of electroweak parameters, that we use to calculate the observables: one set, P Z , containing the Z mass, the other one, P W , containing the W mass. In Sect. 5 we present the bounds on the anomalous couplings from electroweak precision measurements at LEP and SLD, except for direct measurements of the three-gauge-boson vertices, thereby using P Z . In Sect. 6 we give the relations of the standard couplings ∆g γ 1 , ∆κ γ , etc. for the γW W and ZW W vertices to our anomalous couplings using P Z and, alternatively, using P W as input parameters. We derive bounds on the anomalous couplings of the effective Lagrangian from measurements of TGCs at LEP2 using P Z . We analyse in detail the reaction e + e − → W W at a future LC where we define effective γW W and ZW W couplings using P W . We calculate the bounds obtainable on the anomalous couplings using the results of [10, 11] for this reaction. In Sect. 7 we present our conclusions.
Effective Lagrangian
Our starting point is the effective Lagrange density L eff containing all lepton-and baryon-number-conserving operators that can be built from SM fields, see [16] . Let Λ be the scale of new physics and v ≈ 246 GeV be the vacuum expectation value of the Higgs field. If not stated otherwise, numerical values of physical parameters are taken from [27] . Throughout this paper we assume
Then L eff can be expanded as
. . in the amplitudes, thus (2.2) represents effectively an expansion in powers of (v/Λ).
Given the SM particle content, the general form of L 0 is fixed as that of the SM Lagrangian by gauge invariance. For the SM Lagrangian we use the conventions of [17] . Restricting ourselves to the electroweak interactions and neglecting neutrino masses we have (see Chapter 22 of [17] ) 6) where the diagonal elements all obey c i ≥ 0 and V is the CKM matrix. With these conventions the matrices Γ E , Γ U , Γ D correspond to the matrices C ℓ , C ′ q , C q in [17] , respectively. The vector of the three left-handed lepton doublets is denoted by L, of the right-handed charged leptons by E, of the left-handed quark doublets by Q, and of the right-handed up-and down-type quarks by U and D. The Higgs field is denoted by ϕ and we definẽ
The covariant derivative is
where T i and Y are the generating operators of weak-isospin and hypercharge transformations. For the left-handed fermion fields and the Higgs doublet we have T i = τ i /2, where τ i are the Pauli matrices. For the right-handed fermion fields we have T i = 0. The hypercharges y of the fermions and the Higgs doublet are listed in Tab. 1. The field strengths are
For the parameters of the Higgs potential in (2.3) we assume
Then the potential has a minimum for constant field satisfying
After SSB, that is in the unitary gauge, we can choose the Higgs field to have the form The coupling constants in (2.4) to (2.6) are related to the fermion masses by
2) describe the effects of new physics at the scale Λ on the phenomenology at the weak scale v. Following [16] , we assume SU(3) × SU(2) × U(1) gauge invariance also for the new interactions. The only Lorentz and gauge invariant operator of dimension five that can be constructed from SM fields violates lepton-number conservation, see [16] , and hence is not considered here. Thus, the leading-order addition to the SM Lagrangian is L 2 , which should therefore lead to a good description of the new-physics effects at energies sufficiently below Λ.
Out of the 80 dimension six operators listed in [16] we consider all operators that consist of electroweak gauge-boson and Higgs fields only, see (3.5), (3.6) and (3.41) to (3.44) in [16] :
Here the dual field strengths are defined as
In the following we therefore use the effective Lagrangian
where L 0 is the SM part (2.3). The non-SM part with the dimension-six operators is 
where
are the sine and cosine of the weak mixing angle in the SM, determined by the SU(2) and U(1) Y couplings of L 0 . Without loss of generality we can assume g and g ′ to be greater than zero and therefore have 0 ≤ θ
The next step is to consider the term L 2 in (2.21), (2.22) , and insert for the Higgs field ϕ(x) everywhere (2.12) and for the gauge-boson fields (3.1), (3.2) . We see then easily We see that with the inclusion of L 2 , the kinetic and the mass terms of the gauge bosons do not have standard form any more due to additional contributions arising according to Tab. 2. We have now to diagonalise the mass matrix and simultaneously transform the kinetic matrix to the unit matrix to identify the physical gauge-boson fields. The gauge-boson kinetic and mass terms of the effective Lagrangian (2.21) are given by
Here we have introduced vector notation for the neutral primed gauge fields, and T ′ and M ′ are given by
The quantities
would be the squared gauge-boson masses after SSB if we considered only the SM Lagrangian L 0 . Because of charge conservation there is no mixing between charged and neutral gauge-boson fields in (3.7). Moreover, the matrix M ′ has only one nonzero entry (corresponding to Z ′ Z ′ ) since terms of second order in the gauge fields without derivatives can only come from operators with two covariant derivatives of Higgs fields, that is from those of (2.19). There, due to (2.12), only the massive gauge bosons contribute.
We would like to find a basis in the fields such that (3.7) takes the standard form:
where 22) and m Z and m W are (in lowest order) the physical masses of the Z and W bosons, respectively. For the charged fields this can be easily achieved by a rescaling
In the case of the neutral fields we perform a linear transformation
Choosing the non-orthogonal matrix
with t = ad − b 2 , we obtain the desired form
where ½ denotes the 2×2 unit matrix and the squared physical mass of the Z boson is
We remark that this kind of diagonalisation has been done in [28] , where the mixing term of a W 3 and a photon field is studied. A similar procedure is performed in [29] where operators up to dimension five are considered.
To analyse the phenomenology of the effective Lagrangian (2.21) we also have to express the dimension-six operators (2.15) to (2.19) in terms of the physical fields W ± µ , Z µ and A µ , and substitute the Higgs field according to (2.12) . Due to (3.24) , (3.25) and (3.27) the Lagrangian (2.21), and in particular the γW W , ZW W , γγW W and γγH vertices depend then on the anomalous couplings in a non-linear way. We parameters Table 3 : Three parameter sets used in the analysis: original ones in L eff (2.21), and those in the P Z and P W schemes. list these vertices in Sect. 6 where we treat the triple-and quartic-gauge couplings in detail.
The diagonalisation has an important consequence concerning the operators O ϕW and O ϕB . Notice that the v 2 -terms of these operators are proportional to the gauge invariant kinetic terms of the SM Lagrangian, see the first two terms of (2.3). Therefore, after the substitution of the physical fields, these operators do not give rise to anomalous three-or four-gauge-boson couplings, see Sect. 6. However, these operators contribute to the γγH vertex.
In the next section we shall analyse the consequences of the effective Lagrangian (2.21) and of the diagonalisation (3.18)ff for the gauge-boson-fermion couplings.
Gauge-boson-fermion interactions and electroweak parameters
The Lagrangian (2.21) contains the three parameters g, g ′ and v, which we call electroweak parameters. Apart from that it contains one further parameter λ from the Higgs potential, nine fermion masses, four parameters of the CKM matrix V , and ten anomalous couplings h i . We denote the scheme that uses these parameters as input by P L . The parameters are listed in the second column of Tab. 3. The quantities s ′ w , c ′ w and e ′ , which are the sine and cosine of the weak mixing angle and the positron charge if we set all anomalous couplings to zero, are given in terms of the electroweak parameters in (3.3), (3.4) and (3.5), and this leads to the standard relations for the electroweak observables. However, with non-zero anomalous couplings, that is with the full Lagrangian (2.21), the relations of the three parameters g, g ′ and v to observables depend on the anomalous couplings.
In this section we take a look at the gauge-boson-fermion interactions and introduce in addition to the original one two more sets of electroweak input parameters, see Tab. 3. In these schemes, that we call P Z and P W , we choose in place of g, g ′ and v as free parameters the fine structure constant at the Z scale, α(m Z ), Fermi's constant G F , and the mass of the Z or W boson, respectively. For our numerics we take [27] 1/α(m Z ) = 128.95(49),
Moreover, from the same reference, we use in the P Z scheme
and in the P W scheme m W = 80.423(39) GeV. (4.
3)
The small errors on the quantities (4.1) to (4.3) are negligeable for our purposes and will be neglected below. We use as input parameters α(m Z ) and not the more precisely known α(0), since most of the observables which we consider below refer to a high scale of at least m Z . In the following we will denote by e the positron charge at m Z , e = 4πα(m Z ), (4.4) and refer to e as the physical positron charge. This is legitimate in tree-level calculations. How we include radiative corrections in our calculations will be discussed in Sect. 5 below. We use the P Z scheme for all LEP and SLD observables that we consider in Sect. 5. In the scheme P Z , one can calculate the W mass m SM W in the SM with a certain theoretical accuracy. Using the effective Lagrangian (2.21) instead of the SM Lagrangian gives a different prediction, m W . Indeed, as we will see in Sect. 5, two anomalous couplings have an impact on m W in the P Z scheme. However, for our analysis of e + e − → W W in Sect. 6.2 the use of the P Z scheme with m W depending on the anomalous couplings is very inconvenient. In [10, 11] m W is assumed to be a fixed parameter-as is legitimate and usually done in the form-factor approach-and not expanded in anomalous couplings. This is for good reason: a change of m W changes the kinematics of e + e − → W W and the reconstruction of the final state. Therefore, in Sect. 6.2 we use the P W scheme with m W instead of m Z as input. In this case the Z mass is a parameter that depends on the anomalous couplings h i .
In order to define the input parameters of the two schemes P Z and P W we consider the fermion-gauge-boson-interaction part L int of the Lagrangian (2.21). Since we have not explicitly added any gauge-boson-fermion operators we get-in the original parameters-the SM expression. In terms of the fields A 
with the SM currents
Here ψ is the spinor for all lepton and quark fields. With the mere SM Lagrangian, e ′ is the physical positron charge. Including the dimension-six operators we can express the interaction terms through the physical fields using (3.24) to (3.27):
where the physical positron charge (at the Z scale) is given by 10) and the physical neutral current by
The neutral-and charged-current couplings are
The electromagnetic, the neutral-and the charged-current interactions are modified by the anomalous couplings in a universal way for fermions with the same quantum numbers. With our definition (4.12) of the effective leptonic weak mixing angle the neutral current (4.11) has the same form as in the SM, cf. (4.7). We write the neutral current as J
where f denotes any fermion. Then we find for the vector and axial-vector neutralcurrent couplings of leptons
with ℓ = e, µ, τ . Using (4.10), we find the usual expression for s
Fermi's constant is given by two charged-current interactions in the low energy limit where the W -boson propagator becomes point-like, see e.g. Sect. 22.3 of [17] :
It is related to the vacuum expectation value of the Higgs field through
This is obtained by inserting in (4.17) for e, G CC and m W the expressions following from (4.10), (4.13) and (3.23), respectively. For h
(1) ϕ = 0, (4.18) becomes the tree-level SM relation between v and G F . The squared Higgs mass is therefore, cf. (2.13),
In the following two subsections we determine how the remaining original parameters of the Lagrangian (2.21) are related to our input parameters in the P Z and P W schemes. Knowing these relations one can express all constants in the Lagrangian by the anomalous couplings h i and by either of the two electroweak parameter sets.
P Z scheme
We now show how the original parameters in the effective Lagrangian (2.21), are expressed by the input parameters of the P Z scheme, see Tab. 3. The physical Z mass m Z and α(m Z ) are given in terms of the P L parameters in (3.29) and (4.10), respectively. In the P Z scheme the W mass m W is a derived quantity. The relation of m W to the P L parameters is given in (3.23). We use (3.23), the relation m
and express m ′ Z by means of (3.29) to obtain the tree-level result for the squared W mass in the framework of the effective Lagrangian (2.21): 
Hence s 0 and c 0 are not independent parameters but combinations of input parameters in the P Z scheme. In the SM, they are identical to the sine and cosine of the weak mixing angle. To linear order in the anomalous couplings we obtain from (4.21) in the P Z scheme
Expanding (4.12) to first order in the couplings we find in the P Z scheme
Using (4.23) and (4.24) the quantities s The neutral-and charged-current couplings (4.13) read to first order in the anomalous couplings in the P Z scheme
25) This equation is a relation at tree level. The way in which radiative corrections are taken into account in our analysis is explained at the beginning of Sect. 5. For the vacuum expectation value v of the Higgs field we obtain to linear order in the anomalous couplings in the P Z scheme, expanding in (4.18) We expand (4.12) to first order in the h i :
For the neutral-current coupling (4.13) we find to first order in the anomalous couplings in P W
Here due to (4.17) and (4.30) the charged-current coupling is given exactly by 
where for s 
For the vacuum expectation value v to linear order in the h i we have the same expression as in the P Z scheme, (4.28).
Limits from LEP and SLD
In this section we discuss the impact of the additional operators on precision observables measured at LEP and SLD. As mentioned before we use the P Z scheme in the entire Sect. 5. Our procedure is as follows: We calculate the tree-level prediction X tree of an observable in the framework of the effective Lagrangian (2.21). Then X tree can be expanded to first order in h i
where X SM tree is the result if we set all anomalous couplings to zero, that is the result one obtains from the tree-level calculation with the mere SM Lagrangian. At higher loop-order both X tree and X SM tree receive corrections. We expand the complete result X as
where X SM is the complete SM result and theX i are the same expressions as in (5.1). The term ∆ X contains radiative corrections times anomalous couplings and quadratic terms in anomalous couplings and will be neglected in the following. To get bounds on the h i we insert the experimental values for X and use the well-known higher-order results for X SM . The linear partsX i are obtained from the tree-level expansion (5.1). The experimental errors δX together with the theoretical uncertainties δX SM of the SM calculation allow us then to derive bounds on the h i . The theoretical values X SM depend on the unknown Higgs mass m H and we shall discuss the bounds as functions of m H .
As first observable we consider the leptonic mixing angle (4.12) for which we get in the P Z scheme (4.24). There we can identify s 0 from (4.22) as the tree-level SM result s
According to (5.2) and (4.24) we set now
Here s SM eff is the leptonic mixing angle in the SM, including radiative corrections, and the numerical values are obtained with (4.1) and (4.2).
The partial widths of the Z into a pair of fermions calculated from the Lagrangian (2.21) on tree-level are 5) where N f c = 1 for leptons and N f c = 3 for quarks. For neutrinos, charged leptons, upand down-type quarks we get, respectively,
In (5.5) we have neglected all fermion masses. Setting all anomalous couplings to zero we find expressions for the tree-level partial widths in the SM as in Chapter 25 of [17] . The partial widths in (5.5) depend on the anomalous couplings through G NC (4.25) and through s 2 eff in χ f . Expanding (5.5) to first order in the anomalous couplings and using our prescription (5.2), we obtain the following results for the invisible partial width, the width into one pair of charged leptons e + e − , µ + µ − or τ + τ − , the hadronic and the total widths: 
14) 
Note the deviating definition of the leptonic ratio where Γ had appears in the numerator. Also another group of observables, the quantities 18) and the forward-backward asymmetries 19) are solely functions of s 2 eff :
20)
We thus find that a large number of the observables listed in the summary table 16.1 of [31] with the combined results from LEP1, SLD, LEP2 and W -boson measurements depend only on the anomalous couplings through s 2 eff , that is in the linear combination (5.4). These are the observables The errors of the observables (5.23) are much larger than those of the observables (5.22) and therefore do not affect this result within rounding errors, which we have checked explicitly using the tree-level expressions of the observables (5.23). Among the observables (5.22) the leptonic ones tend to give smaller values for s 2 eff than the hadronic ones. This has recently been mentioned in [32] . We note that this discrepancy cannot be cured by the anomalous couplings that we consider in this paper since any choice We now want to include in the analysis of the anomalous couplings the data of W -mass and -width measurements. The expansion of m W has already been given in (4.27) . For the total width of the W boson we get from (4.9), (4.26) and (4.27) at tree level, neglecting fermion masses, ). In the P Z scheme the total width Γ W depends on the same linear combination of anomalous couplings as m W , see (4.27) , and is three times more sensitive to changes of h WB and h 
and (4.2). We obtain then
m W = m SM W (1 − 0.78h WB − 0.36h (3) ϕ ), (5.28) Γ W = Γ SM W (1 − 2.35h WB − 1.07h (3) ϕ
Three-and four-gauge-boson couplings
We now turn to the bounds on the anomalous couplings h i from measurements of γW W and ZW W couplings at LEP2 [31] and the prospects to measure these couplings at a future LC. The former is done in Sect. 6.1 using the scheme P Z , the latter in Sect. 6.2 using P W and suitably defined effective TGCs. A general parameterisation of the two triple-gauge-boson vertices by an effective Lagrangian in the ELa approach (see Sect. 1) requiring only Lorentz invariance and Hermiticity consists of 14 real parameters. A common parameterisation used in the literature is the one of Hagiwara, Peccei, Zeppenfeld and Hikasa [3] 
with V = γ or Z. The overall constants for the photon and Z vertex are defined as follows:
where e is the positron charge. Then we have in the SM
and all other couplings equal to zero. We write ∆g
The ZW W couplings involve the mixing angle θ w of the SM. In the ELa approach this θ w is well defined. It is also unique at least at tree level.
Note that in the FF approach the same expression (6.1) is usually written down but allowing the coupling constants to be complex numbers. Then L HPZH V W W should not be considered as an effective Lagrangian but only as a convenient shorthand description for the V W W form factors generated by using (6.1) in Feynman rules to first order.
Here we want to compare the parameters h i of our Lagrangian (2.21)-which is in the ELb approach-to the parameters in (6.1). From the outset we must make it clear that such a comparison raises problems. In the ELa approach the dimension ≤ 4 terms in the Lagrangian are exactly the SM ones. In the ELb approach investigated in the present paper on the other hand the dimension ≤ 4 terms receive anomalous contributions. The relations between the h i and the couplings g V 1 ,. . . ,λ V of (6.1) which we shall derive below are thus only valid supposing that the anomalous contributions to dimension ≤ 4 terms are negligeable. For a specific process one can take into account these contributions by defining effective TGCs, as we shall do in Sect. 6.2 below for the reaction e + e − → W W . We now derive the relations of the parameters of (6.1) to the h i in the approximation where terms of the Lagrangian (2.21) that are of second or higher order in h i are neglected. The sine of the angle θ w in (6.2) will be identified with s 0 in the P Z scheme and with s 1 in the P W scheme. The fact that we have an ambiguity here reflects again the differences of the ELa and ELb approaches.
We denote by L γW W and L ZW W the parts of the Lagrangian (2.21)-expressed in terms of the physical fields W ± µ , A µ and Z µ -that consist of two W boson fields and one photon or Z-boson field, respectively. Without any approximation the γW W part is given by
whereÃ µν = (1/2)ǫ µνρσ A ρσ , and d is defined in (3.15) . To obtain the term proportional to hW in (6.4) we have used the Shouten identity. Depending on wether we are in the scheme P Z or P W , s 
whereZ µν = (1/2)ǫ µνρσ Z ρσ and
Again, for the term in (6.5) proportional to hW the Shouten identity is applied. Expanding the coefficients of the operators in (6.4) and (6.5) to first order in the anomalous couplings and comparing with the Lagrangian (6.1) we find the following relations between the two sets of couplings, in the P Z scheme:
10) ∆κ γ , (6.15)
However, one has to keep in mind that although the number of TGCs is reduced in the ELb approach compared to the ELa approach anomalous effects can occur at other vertices or propagators, see e.g. our treatment of the reaction e + e − → W W in Sect. 6.2.
Using the scheme P W , we find in the linear approximation instead of (6.8) to (6.13)
Notice that h
ϕ does not enter here in P W such that the number of couplings to describe the anomalous γW W and ZW W vertices in the P W scheme is one less than in the P Z scheme. We have here two CP conserving couplings (h W , h WB ) and two CP violating ones (hW , hW B ). The gauge relations (6.14) to (6.19) also hold in the scheme P W if we substitute s 0 and c 0 by s 1 and c 1 . In the P W scheme we have a further gauge relation ∆g Table 6 : Contributions of the SM Lagrangian and of the anomalous operators to different vertices in linear order in the h i after the simultaneous diagonalisation. Only those vertices are listed that are relevant for our observables. This does not coincide with the contributions to operators of the respective structure before the simultaneous diagonalisation, see Tab. 2. The coupling h
ϕ contributes to the ZW W vertex in the scheme P Z but not in P W .
Thus we find in our locally SU(2) × U(1) symmetric theory that the number of independent CP conserving TGCs is three if we choose the P Z scheme. This agrees with the results of [33] . However, if we choose P W , which is actually the convenient scheme for the direct measurement of TGCs in W -boson-pair production there is one TGC less. However, the h i also enter in fermion-boson vertices, Higgs-boson vertices and boson masses. In fact, we shall see in Sect. 6.2 that the coupling h (3) ϕ affects the differential cross section of e + e − → W W although we use the scheme P W . Without approximation the γγW W part of (2.21) is
Using the formulae of Sect. 4 it is straightforward to calculate the linear approximation of (6.27) for the two schemes. The terms containing two photon fields and one Higgs field in the effective Lagrangian (2.21) after diagonalisation are, without approximation,
In the linear approximation we simply have to substitute the factor vd on the left hand side by ( √ 2G F ) −1/2 and s ′ w (c ′ w ) on the right hand side by s 0 (c 0 ) in the P Z scheme, and by s 1 (c 1 ) in the P W scheme.
We summarise in Tab. 6 which couplings contribute to the γW W , ZW W , γγW W and γγH vertices if we consider only terms that are linear in the h i .
Bounds from LEP2
For the CP conserving couplings we use the values from Tab. 11.7 in [31] ∆g Z 1 = 0.051 ± 0.032, (6.29) ∆κ γ = −0.067 ± 0.061, λ γ = −0.067 ± 0.038.
The errors given in [31] are not symmetric. Here we make the conservative choice to take the larger of the lower and upper errors. The correlations, in the order ∆g The remaining two non-zero CP conserving couplings ∆κ Z and λ Z are not considered as independent in [31] , but are assumed to be given by the gauge relations (6.15) and (6.16) . From the values (6.29) and (6.30) we therefore obtain, using (6.8) to (6.10), the following values and errors for our anomalous couplings We repeat that these constraints are only approximate as in our ELb framework non-SM effects do not only occur at the three-boson vertices, but also at the fermion-boson vertices and through m W . The bounds (6.31) on the h i are thus only valid to the approximation that these effects are negligeable. 5 The constraints on h WB and h Table 8 : Final results from already existing data for CP violating couplings. The anomalous couplings are extracted from TGC measurements at LEP2 in various processes.
error of h W is almost independent of m H . Electroweak data predicts a value for h W of about −0.06. Since the errors on h WB and h (3) ϕ are almost uncorrelated with the error on h W , we can consider the bounds on h WB and h (3) ϕ separately. Their error ellipses are shown in Fig. 1 . Interestingly, a large Higgs mass is allowed by the data if h WB and h (3) ϕ are of order ∼ 10 −3 . For the CP violating couplings we use the weighted average of the single parameter measurements given in [34] and [35] λ Z = 0.067 ± 0.080,κ Z = −0.018 ± 0.046. (6.33) In these analyses the relations (6.17) and (6.18) of the CP violating photon couplings with the CP violating Z couplings are assumed to hold. Using the values (6.33) we get from (6.11) and (6.12) the results listed in Tab. 8. These results are independent of m H . Since-in contrast to the CP conserving couplings-the CP violating couplings do not affect the boson-fermion couplings or the W mass these bounds are accurate in the sense that no such effects are neglected. As mentioned above, see (2.23), a natural choice for the coefficients h i in (2.22) is
where Λ is the new-physics scale and the α i are of order one. Setting α i = 1 and using the numbers from Tabs. 7 and 8 we find lower bounds Λ i on the scale of new physics according to
These bounds are listed in Tab. 9. New physics that give rise to non-zero h W , hW or hW B may be seen at a LC in the one-TeV-range. Those affecting h
ϕ can lead to visible effects at a multi-TeV machine like CLIC, whereas h WB will probably be out of reach in the near future.
To first order in the anomalous couplings none of the observables considered so far depends on h ϕW , h ϕW , h ϕB , h ϕB or h (1) ϕ . This does not change when taking into account optimal observables for e + e − → W W with the effective couplings, see Sect. 6.2. However, four couplings that cannot be determined with present data or in e + e − → W W at a future LC have an impact on the differential cross section for W -pair production at a photon collider, which we will study in a future work [26] . To be precise, one linear combination of h ϕW and h ϕB and one linear combination of h ϕW and h ϕB can be measured including data from this reaction. Then only three anomalous-coupling combinations, that is the other two linear combinations of these four couplings as well as h
ϕ , cannot be determined. We summarise this result in Tab. 10 where we show which coupling combinations can be measured by means of which observables. In the right column we list all observables that we use in this work or in [26] .
Effective couplings for e
+ e − → W W
Here we would like to derive bounds on the anomalous couplings h i from results obtained for the reaction e + e − → W W in [10, 11] . There all 14 complex parameters to describe the general γW W and ZW W vertices are taken into account, see (6.1), but the fermion-boson vertices, m Z and m W are supposed to be as in the SM. Therefore we have to analyse carefully to which extent bounds on our anomalous couplings h i can be obtained from [10, 11] . Consider the two cases, the ELb framework using the Lagrangian (2.21) with all anomalous couplings and the ELa framework of the Lagrangian (6.1) with only anomalous TGCs. In both cases the process e + e − → W W has to be calculated at tree level from three diagrams, t-channel neutrino exchange, s-channel photon and s-channel Z exchange, see Figs. 2 to 4. The various anomalous contributions in each figure are explained below. In [10, 11] to linear order in the anomalous TGCs the errors on their imaginary parts are not correlated with the errors on their real parts. This is because integrated observables are used and the respective anomalous amplitudes obtain different signs under the combined discrete symmetry CPT of CP and a naïve time reversalT , that is the simultaneous flip of all spins and momenta without interchanging initial and final state. Thus, wether or not the imaginary parts are included in the analyses of [10, 11] plays no rôle when we look at the sensitivity to the real parts. For the real parts, the errors on the CP conserving couplings are not correlated with the ones on the CP violating couplings in the linear approximation, and the two groups of couplings can be considered separately, see [10, 11] . In principle, the derivation of bounds on the h i would require a complete calculation of the process e + e − → W W → 4 fermions in the framework of the Lagrangian (2.21). To first order in the couplings the errors on CP conserving and CP violating couplings are not correlated also in this case. However, in such an analysis also anomalous effects from the couplings of the Z boson to fermions, which modify the s-channel Z exchange as well as anomalous contributions to m W (m Z ) must be taken into account if we use the scheme P Z (P W ), see (4.27) and (4.36) . Furthermore, in the scheme P Z the anomalous couplings have an impact on the couplings of the W boson to fermions, whereas in P W they have not due to (4.34). As mentioned in the introduction of Sect. 4, m W is treated as a fixed parameter in [10, 11] . Thus for the analysis in this section it is convenient to choose the P W scheme. Moreover this simplifies the analysis because in P W the neutrino-exchange amplitude contains no anomalous effects. The CP violating couplings appear in the reaction e + e − → W W only at the three-gauge-boson vertices. Thus the errors and correlations of these couplings can be obtained directly from the results in [10, 11] by using (6.23) to (6.25) . In contrast, in the CP conserving case we obtain anomalous contributions to the vertices eeZ, γW W and ZW W and to m Z from the Lagrangian (2.21). Therefore in the framework of the Lagrangian (2.21), all diagrams of Figs. 2 to 4 contribute to e + e − → W W in zeroth or linear order in the h i . The blob denotes anomalous couplings (without the SM contribution to the respective vertex) and the diagram (b) in Fig. 4 with the box denotes s-channel Z-boson exchange with a modified Z mass in the propagator minus the SM diagram, which is the diagram (a). Notice that the W -decay amplitudes remain unchanged by the h i in the P W scheme.
After this discussion of the calculation of the amplitude for e + e − → W W in our present ELb approach we compare it to the FF calculation of [10, 11] which can be considered as an ELa approach if we set all imaginary parts of coupling constants there to zero. In the ELa framework of [10, 11] only (a) and (d) of Fig. 4 occur. We will now show that the diagrams (b) and (c) of Fig. 4 , that is the anomalous effects at the eeZ coupling and in m Z , can be completely shifted to diagram (d) in Fig. 4 by defining new effective ZW W couplings. For given values of the couplings h i , which modify the TGCs, the fermion-boson couplings and m Z in the ELb framework of the Lagrangian (2.21), we can compute values for these effective TGCs. Then calculating the process e + e − → W W in the ELa framework (6.1) of [10, 11] with merely (effective) anomalous TGCs leads to the same differential cross section as calculating it with all anomalous vertices in ELb. This means the amplitudes for the process are only computed from the diagram in Fig. 2 , both diagrams in Fig. 3 and diagrams (a) and (d) in Fig. 4 , but with suitably defined effective ZW W couplings.
We start from the Lagrangian (2.21) and denote the parts of the amplitudes for e + e − → W W obtained from the tree-level diagrams for t-channel neutrino exchange, and s-channel photon and Z exchange by A ν , A γ and A Z , respectively. First we assume that these amplitudes are the full expressions without linearisation in the h i . Thus these amplitudes do not correspond to the sum of the diagrams in Figs. 2 to 4 , where we have assumed that all terms of second or higher order in the anomalous couplings are neglected and the diagrams with the various anomalous contributions can therefore be summed linearly. The linearisation is done in a second step be-low, cf. (6.37). The amplitude A ν is identical to the neutrino t-channel exchange in the SM. The amplitude A γ is affected by the anomalous couplings only at the γW W vertex. This amplitude therefore equals the amplitude for s-channel photon exchange calculated from the SM where the γW W coupling terms are substituted by the terms (6.1), replacing the anomalous γW W couplings there by our parameters according to (6.20) and (6.22) to (6.25) . The amplitude for Z exchange can be written as A Z = N ZÂZ (6.35) with 36) where s is the squared c.m. energy of the electron-positron system. HereÂ Z is the amplitude for s-channel Z exchange calculated from the SM where the ZW W coupling terms are substituted by the terms (6.1) with the anomalous couplings expressed as in (6.20) to (6.25) . The factor N Z arises due to the anomalous contributions to the Z mass in the Z propagator. Expanding the factor N Z in (6.36) to first order in the anomalous couplings in the scheme P W we get ϕ in (6.37) which arises from the expansion of the Z mass in the Z propagator. The amplitudeÂ Z contains terms proportional to the SM couplings (6.3) plus the terms proportional to the anomalous couplings. In order to absorb all linear-order anomalous effects into effective ZW W couplings we add the terms linear in the h i in the curly brackets of (6.37) to ∆g Z 1 and ∆κ Z in (6.21) and define effective couplings
These effective couplings are specific for the reaction e + e − → W W . All other couplings in the standard parameterisation are related to our anomalous couplings h i as before, see (6.20) and (6.22) to (6.25) . The relations (6.39) and (6.40) involving the ZW W couplings ∆g ∆κ γ , (6.42)
43)
In particular, we obtain (6.42), the analogue of (6.15). These relations are energy independent. Numerically we find from (6.20) and (6.22) to (6.25) that the couplings ∆g 
48) For √ s = 800 GeV, we have instead of (6.52) and (6.53) at √ s = 3 TeV. We use the errors for all TGCs in the parameterisation (6.1), as given for √ s = 500 GeV and √ s = 800 GeV in Tabs. 5 and 9 of [11] , respectively, and take into account their correlations (which are not listed there). We further use the corresponding results for √ s = 3 TeV. From these values we can extract the errors obtainable for the h i using (6.47) to (6.55) by conventional error propagation.
As input values in the scheme P W we use again the numbers (4.1) and (4.3). We give the errors and correlations at c.m. energies of 500 GeV, 800 GeV and 3 TeV for the CP conserving couplings in Tabs. 11 to 13 and for the CP violating ones in Tab. 14.
The errors of h W , h WB and hW at 500 GeV are two orders of magnitude smaller than the one on h
ϕ . Notice that h
ϕ becomes unmeasurable in the high-energy limit, cf. (6.56) and (6.57). At √ s = 3 TeV we thus obtain no bound on h
ϕ . For all other measurable couplings the errors become much smaller with rising energy. Notice that the error correlations decrease with rising energy and the four measurable couplings are almost uncorrelated at √ s = 3 TeV.
Conclusions
We have analysed the phenomenology of the gauge-boson sector of an electroweak locally SU(2) × U(1) invariant effective Lagrangian. In addition to the SM Lagrangian we took into account anomalous coupling terms from the ten operators of dimension six built from the SM gauge fields and the SM-Higgs-doublet field. We found that after SSB some anomalous terms contribute to the diagonal and off-diagonal kinetic terms of the neutral gauge bosons and to the mass terms of the W and the Z boson. This made necessary to first identify the physical gauge-boson fields as linear combinations of the fields that originally occur in the Lagrangian. In this way, in addition to the gauge-boson self-interactions, also the neutral-and charged-current interactions were modified. We have studied the impact of anomalous couplings onto LEP and SLD observables. For a large class of observables the anomalous effects only show up through a modified effective leptonic weak mixing angle, see Sect. 5. The functional dependence of these observables on the effective mixing angle is the same as in the SM. Thus the discrepancy between the predictions for this angle from hadronic and leptonic observables cannot be obtained by non-zero anomalous couplings from our boson operators. The observables Γ Z , m W and Γ W , depend on the anomalous couplings in a different way and therefore lead to further constraints. From all these observables we obtain bounds of order 10 −3 for the dimensionless couplings h WB and h (3) ϕ . These bounds depend on m H . Turning then to the TGCs we found that in addition to the two couplings h WB and h (3) ϕ one more CP conserving coupling, h W , and the two CP violating couplings hW and hW B modify the γW W and ZW W vertices in the scheme P Z . In the scheme P W the triple-gauge-boson vertices are parameterised by one coupling less than in P Z . In other words there is an additional gauge relation in the scheme P W . However, both with P Z and with P W some CP conserving couplings also change the boson-fermion interactions. For the specific reaction e + e − → W W and using P W we have defined effective TGCs such that all anomalous effects are absorbed into the three-gauge-boson vertices. The anomalous gauge-boson-fermion interactions are thus fully taken into account here (in the approximation linear in the h i ) though in the explicit calculation of the differential cross section everything apart from the TGCs is assumed to be SM like. With the effective couplings one more parameter re-enters the differential cross-section in the scheme P W .
For the bounds derived from LEP2 data that includes various processes and not only W -boson-pair production we have used P Z and only considered the conventional TGCs. This gives exact results for the CP violating couplings, but only approximate results for the CP conserving ones, since we have neglected the modified W mass and boson-fermion interactions there. For the couplings h WB and h (3) ϕ the direct LEP2 measurements do not give tighter bounds than the other LEP and SLD observables. However, we obtain in addition bounds on h W , hW and hW B of order 0.1.
Our summary of the presently available information on the anomalous couplings h i is presented in Tabs. 7 and 8 and in Fig. 1 . We find that the data is consistent with a light Higgs boson, m H = 120 GeV and practically vanishing anomalous couplings. But also a heavy Higgs boson, m H ≈ 500 GeV, is in accordance with the present data if only small anomalous couplings h WB and h We have investigated in detail the effects of our effective Lagrangian on the reaction e + e − → W W at a future LC. To this end we have used the results obtained for solely TGCs in the most general parameterisation for unpolarised beams and longitudinal polarisation [10] as well as for transverse polarisation [11] . These analyses have been done with optimal observables and the derived constraints on the h i therefore give the optimal bounds that one can obtain in this reaction from the normalised event distribution. Here we have used the effective couplings and the scheme P W . For most couplings the bounds obtainable with standard expected integrated luminosities are δh i at a few 10 −4 at a c.m. energy √ s = 500 GeV and greatly improved with rising energy. Only one coupling (h
ϕ ) is not measurable in the high-energy limit.
The Giga-Z mode at TESLA, see Sect. 5.1.4 of [21] , will be particularly interesting to accurately measure h WB and h (3) ϕ . A measurement at the Z pole with an event rate that is about 100 times that of LEP1, should in essence reduce the errors δh given in Tab. 4 by a factor 10. Thus h WB and h (3) ϕ can then be measured with an accuracy of some 10 −4 . However, systematical errors can become more important there [36] . A very interesting opportunity for the exploration of the electroweak gauge-boson sector is the measurement of the differential cross section of γγ → W W at a photon collider, which we shall explore in a future work [26] . Here two new coupling combinations can be determined that cannot be measured with the other options that we have considered.
We have seen that experiments performed in the past as well as the Giga-Z-, the e + e − -and the γγ-options at a future LC all provide and will provide useful and complementary information on the gauge-boson sector. At present a non-zero value is preferred for h W at the 2σ level, while small h WB and h (3) ϕ can make a heavy Standard Model Higgs boson with m H ≈ 500 GeV compatible with the data. The present bounds on the CP violating couplings are rather loose. In the future, with data from all three mentioned linear collider modes seven out of ten anomalous coupling combinations can be measured. Our study in this paper and the one to follow on the reaction γγ → W W should make it clear that exploring the electroweak gauge structure needs a comprehensive study at a future linear collider where all running modes are needed and will reveal interesting complementary aspects.
